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Abstract 
Properties of spaces in which every subset is open in its closure are investigated. When 
scattered, such submaximal spaces are nodec (in the sense of van Douwen) and conversely. 
Every countably compact Hausdorff nodec space is the free topological sum of finitely many 
Alexandroff compactifications of discrete spaces. Pseudocompact Tychonoff submaximal 
spaces are shown to be scattered. The authors do not know if there is an infinite regular 
connected submaximal space, or if there is in ZFC a Hausdorff submaximal topological 
group, but we prove that every separable Tychonoff submaximal space is totally discon- 
nected. We pay special attention to Lindeliif submaximal spaces, showing, in particular, that 
pseudo-Lindel6f submaximal spaces are Lindelcf. The last section is devoted to submaximal 
topological groups, where it is established that each pseudocompact submaximal topological 
group is finite and each totally bounded submaximal topological group is countable. 
Keywords: Submaximal; Nodec; Feebly compact; Souslin number; Extent; Countably com- 
pact; Pseudocompact; Scattered 
AIMS CMOS) Subj. Class.: Primary 54AlO; secondary 54D30 
1. Introduction and elementary observations 
Locally closed sets, sets open in their closure, play an enigmatic r61e in 
topology. Their appearance is ofteri surprising and a general theory is elusive: one 
only needs to note that locally compact subsets of Hausdorff spaces and connected 
subsets of the real line have the property. 
* Corresponding author. 
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In this paper, an investigation is made into certain aspects of the most discrete 
case, when every subset is locally closed. Interesting earlier results may be found in 
the work of Bourbaki [6], Hewitt [14], Katetov [17], Padmavally [24], Kirch [193, 
Ganster and Reilly [341, Dontchev [331, Cameron [7,8], Guthrie, Stone and Wage 
[13], Porter, Stephenson Jr and Woods (see [26,27]), Baggs [5], Malychin [20,21] 
and Mioduszewski and Rudolf [22]. Other references may be found in the survey 
article [71 of Cameron. 
All spaces are assumed to satisfy the T,-axiom, though this is not always 
essential. We shall denote by A a the interior of a subset A, and by Ad its derived 
set (set of all limit points). 
Almost all results of this section follow easily from the results of Hewitt [14] and 
Bourbaki [6]. Some versions of many of them can also be found in subsequent 
work. However, a systematic exposition of basic material is necessary here for later 
developments in this paper. The reader will also find some new formulations of 
classical results. 
We recall that a subset A of a space X is locally closed if A is open in its 
closure in X or, equivalently, is the intersection of an open subset and a closed 
subset of X. We shall say that A is co-locally closed if A is the union of an open 
subset and a closed subset of X. 
Definition 1.1 [6]. A space X is a submaximal space if every subset of X is locally 
closed. 
Hewitt [14] calls submaximal spaces without isolated points MI-spaces. It seems 
that in full generality the class of submaximal spaces (as well as the name for it) 
was introduced by Bourbaki [6]. One of the reasons to consider submaximal spaces 
is provided by the theory of maximal spaces. A space X is called maximal if it is 
dense-in-itself and no larger topology on the set X is dense-in-itself. It was shown 
(see [17,19]), that a space is maximal if and only if it is an extremally disconnected 
submaximal space without isolated points. Secondly, any connected Hausdorff 
space which does not admit a larger connected topology is submaximal (see [13]). 
Third, submaximal spaces were characterized by Bourbaki as spaces that do not 
admit a larger topology with the same semi-regularisation (see [6, p. 1391). Fourth, 
nonempty maximal spaces are not decomposable into two nonempty dense comple- 
mentary subspaces just because they are submaximal-obviously, dense open 
subsets cannot be disjoint! 
Nevertheless, in almost all articles in which we find references to submaximal 
spaces, the main effort and interest were directed towards the study of different 
types of maximal spaces, whilst results on submaximal spaces appeared occasion- 
ally just as a by-product. The authors attempt here what is probably the first 
systematic study directed primarily to submaximal spaces. 
The following result follows quickly from the definition. Though it is partially 
known (in [6] it was observed that all submaximal spaces satisfy condition (f> of 
Theorem 1.2, and in [14] it was shown that, in a submaximal space without isolated 
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points, every nowhere dense subset is closed and discrete), it seems that some of 
the characterisations in Theorem 1.2 are new. 
Theorem 1.2. The following statements about a space X are equivalent: 
(a) X is a submaximal space, 
(b) every subset of X is co-locally closed, 
(c) every subset A of X for which A” is empty, is closed, 
(d) every subset A of X, for which A” is empty, is discrete, 
(e) A\A is closed, for every subset A of X, 
(f) x\A is discrete, for every subset A of X, 
(g) every dense subset of X is open. 
Proof. (g) - (e) = (a) * (b) * (c) = (d) * (f) are immediate. Let us check that (f) 
implies (e). Suppose p is a limit point of x\A, not belonging to x\A. Then p is 
in A and, if B =A\(p), then B=A and B\B = (z\A) U {pp) which is not 
discrete. q 
Recall that X is a door space if every subset of X is open or closed, that X is 
decomposable if it contains disjoint nonempty dense subsets A, B for which 
A u B =X, and that X is nodec (van Douwen [31,32]) if all nowhere dense subsets 
of X are closed. Clearly, every door space is submaximal. The first half of 
Corollary 1.3 below is a remark of Hewitt [14]. 
Corollary 1.3. Submaximal spaces are nodec and submaximal spaces are of strong 
inductive dimension not greater than one. 
Germane to our discussion is the concept of an Z-space. 
Definition 1.4. A space X is an I-space if its derived set Xd is closed and discrete. 
So, the class of I-spaces includes convergent sequences, Alexandroff compactifi- 
cations of discrete spaces and products of such spaces with discrete spaces. It also 
includes the Mrowka-IsbelI spaces (see [26,271). Obviously, every I-space is sub- 
maximal. It is also clear, that every Z-space is scattered, of scattered length not 
greater than one (see 1291). One should also keep in mind the next simple fact: 
Proposition 1.5. Every space with only finitely many nonisolated points is an I-space 
and hence a submaximal space. 
Theorem 1.6. A space X is an I-space if and only if it is a nodec space in which the 
set of all isolated points is dense. 
Proof. The set Xd is obviously nowhere dense; since X is nodec, Xd is a closed 
discrete subspace of X. q 
222 A.V. Arhangel’skil; P.J. Collins/Topology and its Applications 64 (1995) 219-241 
Corollary 1.7. A submaximal space, in which the set of isolated points is dense, is an 
I-space. 
Corollary 1.8. In the class of scattered spaces the notions of an I-space, of a nodec 
space and of a submaximal space are pairwise equivalent. 
Definition 1.9 (see [l]). A space X is called a left space if there is a well ordering 
< on X such that 
(y=X: y<x} 
is closed in X, for every x in X. 
So, every countable space is a left space. The rationals form a nonscattered left 
space. However, compact Hausdorff left spaces are scattered (see [l]>. Juhasz and 
Yakovlev [16] have demonstrated the existence of an infinite normal (even Lindeliif) 
connected left space (under CH). 
Theorem 1.10. Every submaximal space X is a left space. 
Proof. Let < be any well ordering on X. Then there is a dense subspace Y of X, 
which is a left space with respect to the restricted ordering. To see this, take Y to 
be the set of all points y in X such that there is an open set U containing y, 
satisfying the following condition: y GX, for each x E U (that is y is the minimal 
point of U with respect to <I. Since X is a submaximal space, Y is open in X and 
X\Y is a closed discrete subspace of X. The well ordering witnessing that X is a 
left space is the ordering of X, where the points of X\Y come first, and are well 
ordered in any way, and the points of Y are ordered as above. 0 
Recall that a space is (strongly) u-discrete, if it can be represented as the union 
of a countable family of (closed) discrete subspaces. The observations that Z-spaces 
are “2-discrete” and that strongly a-discrete spaces are left spaces provoke the 
following question. 
Problem 1.11. Is every submaximal space u-discrete? 
Observe that, under CH, not every Tychonoff nodec space is a-discrete - see 
Example 5.16. On the other hand, the Alexandroff one-point compactification of 
an uncountable discrete space is a submaximal space which is not strongly 
g-discrete, and is not even a Q-set space, that is, not every subset of the space is an 
F Cr. 
Problem 1.12. Is every dense-in-itself submaximal space strongly a-discrete? 
From a result in [21], it would follow that the answer to the last question is 
consistently “yes”. Unfortunately, according to Malychin, there is a gap in the 
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proof of the result in [21] we need, and he does not know whether the result he 
announced is correct. 
2. Operations on submaximal spaces 
The main results of this section are Theorem 2.6, with its corollaries, and 
Example 2.14. One basic fact is the next result (see [6, p. 1391). 
Proposition 2.1. Every subspace of a submaximal (respectively, nodec) space is a 
submaximal (respectively, nodec) space. 
Theorem 2.2. Every submaximal (respectively, nodec) space X can be represented as 
the union of two closed subspaces one of which is an I-space and the other is a 
submaximal (respectively, nodec) space without isolated points. 
Proof. Let Y be the closure of the set A of all isolated points of X. By Proposition 
2.1 and Theorem 1.6, Y is an I-space. Then P =X\Y is an open subspace of X 
without isolated points. It follows that the closure Z of P in X is a closed 
subspace of X without isolated points such that X = Y U Z. By Proposition 2.1, 
the space Z is also submaximal (respectively, nodec). 0 
Theorem 2.3. XX Y is a submaximal (nodec) space if and only if X and Y are 
submaximal (nodec) spaces and one of them is discrete. 
Proof. If X x Y is a submaximal space, then so are X and Y by Proposition 2.1. If 
x EX and y E Y are nonisolated points and A = Ix) x Y, then A is a nowhere 
dense nondiscrete subset of XX Y, which implies that the space XX Y is not 
nodec, and hence, not submaximal. The converse follows from the next simple 
result. q 
Proposition 2.4. The free topological sum of any family of submaximal (nodec) 
spaces is a submaximal (nodec) space. 
Theorem 2.3 might be considered as an improvement of part (cl of Theorem 
2.28 from [261. 
In discussing invariance properties, the following definition is useful. 
Definition 2.5. A surjection f : X --, Y is lcq (locally closed quotient) if f-‘(L) 
locally closed in X implies L locally closed in Y (equivalently, f-‘(L) co-locally 
closed in X implies L co-locally closed in Y). 
Theorem 2.6. If X is a submaximal space and if the surjection f : X -+ Y is lcq, then Y 
is also a submaximal space. 
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The interest in lcq mappings derives from the following result. 
Theorem 2.7. If f : X + Y is either an open or a closed surjection, then f is kg. 
Proof. Suppose f is open and f-‘(B) = A, U A,, where A, is an open and A, a 
closed subset of X. Then B, = f(A,) is open, B, = Y\f(X\A,) is closed and 
B=B, UB,. 
The proof for f closed is similar. q 
Corollary 2.8. Zf X is a submaximal space and f : X + Y is either an open or a closed 
surjection, then Y is also a submaximal space. 
The reader might care to note that the last three results do not require 
continuity. 
Corollary 2.9. If X is a submaximal space, then X remains a submaximal space when 
endowed with any finer topology. 
Example 2.10. Suppose that (X, 9) is a Tychonoff submaximal space without 
isolated points and that _&B is the discrete topology on X. Then the identity 
mapping j:(X, _G?) + (X, 7) is not quotient although j(A) is locally closed in 
(X, 71, for each locally closed subset A of (X, ~31, and j-‘(B) is locally closed in 
(X, 8), for each locally closed subset B of (X, 9). 
In particular, j and j-i are both lcq mappings, neither of which is quotient. 
Let us show that Corollaries 2.8 and 2.9 remain valid for I-spaces as well. 
Theorem 2.11. Zf X is an I-space and f : X --f Y is a closed surjection, then Y is also 
an I-space. 
Proof. The set F of all nonisolated points in X is a closed discrete subspace of X. 
It follows that the restriction of f to F is a closed mapping of F into Y. Therefore, 
every subset of the set P = f(F) is closed in Y, that is, P is a closed discrete 
subspace of Y. 
Now take any y E Y\P. Clearly, all points of the set B = f-‘( y) are isolated in 
X. Therefore, B is open in X. Since f is closed, this implies that the point y is 
isolated in Y. Thus, Y is an Z-space. 17 
Theorem 2.12. Zf f is an Z-space and f : X + Y is an open surjection, then Y is also an 
I-space. 
Proof. Let A4 be the set of all isolated points in X. Since f is open, all points of 
the set f(M) are isolated in Y. Put P = Y\f(M) and F =X\M. Then f-‘(P) CF. 
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Since all subsets of F are closed in X and f is an open mapping, all subsets of P 
are closed in Y. It follows that P is a closed discrete subspace of Y. Thus, Y is an 
Z-space. 0 
Again in the last two results, the mapping f need not be continuous. Our next 
result on cleavability is an improvement of Corollary 2.9: 
Theorem 2.13. Zf X is cleavable over a class of submaximal spaces, then X is also a 
submaximal space. 
Theorem 2.6 and its corollaries, as well as Theorems 2.11 and 2.12, can be 
generalized in the following way. Following tradition, let us call a mapping f of a 
space X onto a space Y inductively open (respectively, inductively closed) if there is 
a subspace Z of X such that f(Z) = Y and the restriction of f to Z is an open 
mapping (respectively, a closed mapping) of Z onto Y. Since submaximality and 
the Z-space property are inherited by arbitrary subspaces, Corollaries 2.8, 2.9, as 
well as Theorems 2.11 and 2.12, remain true for inductively open mappings and for 
inductively closed mappings. Observe also that every inductively open mapping and 
every inductively closed mapping is locally closed quotient. 
Theorems 2.11 and 2.12, together with the observations above, naturally lead to 
the next question: is the class of submaximal spaces invariant under pseudo-open 
(pseudo-open compact) mappings? Let us show that this is not the case. 
Example 2.14. Let X be the set consisting of all pairs (m, n) of positive integers 
and one more point 0. On X we define two topologies: T and S. All points of X 
are isolated in T, except 0, and a basic neighbourhood of 0 in T is a set 
V, = (Cm, n>: m > k) unified with the point 0, where k is any positive integer. 
With respect to the topology S, the point 0 is isolated, and all points (m, n), 
where n > 1, are isolated as well. A basic neighbourhood of a point (m, 1) is the 
set U,<m, 1) consisting of the point (m, 1) and all points (m, n), where n > k. With 
each of the topologies T and S, the set X is a submaximal space (since it is an 
Z-space). Now let H be the intersection of the topologies S and T (that is, H 
consists of the sets which belong to S and to T). It is easy to see that (X, H) is a 
first countable space of scattered order two (see the definition of scattered order 
in [291); therefore, it is not an Z-space (and hence, being scattered, not a 
submaximal space). Of course, (X, H) is separable and metrisable. The canonical 
mapping of the free topological sum of the spaces (X, T) and (X, S) onto the 
space (X, H), corresponding to the operation of intersection of topologies, is 
always quotient, and a quotient mapping onto a first countable space is pseudo-open 
(see [ill>. Thus, we have constructed an example of a pseudo-open continuous 
mapping, with two-point fibres, of a countable metrisable submaximal space (even 
of an Z-space) onto a compact countable (hence metrisable) space which is not 
submaximal (even, not nodec). 
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3. Stratifiable submaximal spaces and discretely flavoured spaces 
One typical result of this section is the next theorem: 
Theorem 3.1. Every stratifiable submaximal space is an I-space. 
This theorem provides a good opportunity to introduce a new idea. 
Definition 3.2. A space is discretely flavoured if every infinite closed dense-in-itself 
subspace contains a discrete nonclosed set. 
Proposition 3.3. (a> Every scattered space and, in particular, every I-space is 
discretely jlavoured. 
(b) Every nodec, discretely flavoured space is scattered. 
Proposition 3.3 renders the next result obvious: 
Theorem 3.4. For discretely flavoured spaces, the properties of being a nodec space, a 
submaximal space or an I-space are equivalent. 
Proposition 3.5. Every sequential space is discretely flavoured. 
Corollary 3.6. A sequential space is a nodec space (a submaximal space) if and only 
if it is an I-space. 
Problem 3.7. Is a quotient space of a discretely flavoured space discretely flavoured? 
Van Douwen’s remark [31, p. 751 that a nonisolated point in a stratifiable space 
X belongs to o\D for some discrete D CX is enough to deduce the next result: 
Proposition 3.8. Every stratifiable space is discretely flavoured. 
Now one can easily deduce Theorem 3.1. In fact, we prove a slightly stronger 
result: 
Theorem 3.9. Every stratifiable nodec space is an I-space. 
Proof. This follows from Theorem 3.4 and Proposition 3.8. 0 
The following example helps to understand many of the results and concepts 
discussed above better. 
Example 3.10 (van Douwen [31,32]). Give w a maximal topology 7 making w 
regular, but without isolated points. Let 0 denote the subspace consisting of those 
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points x for which there is no nowhere dense subset A of w such that x E~\A. 
Then 0 is a nonempty countable regular nodec space without isolated points. It is 
observed in [31] (see (b) on p. 76 in [34]) that 0 is maximal, that is, there is no 
strictly stronger Hausdorff topology on 0 without isolated points (this is proved in 
[32], see Example 3.3 there). It follows that 0 is a submaximal space. Of course, 0 
is not discretely flavoured. By Theorem 3.9, the space 0 is not stratifiable. 
Observe that, being countable, 0 is a space of countable tightness. This shows that 
Corollary 3.6 cannot be extended to the whole class of spaces of countable 
tightness (the class of sequential spaces is a subclass of the class of all countably 
tight spaces). 
Observe, that Theorem 3.1 yields a very simple characterisation of stratifiable 
submaximal spaces: 
Theorem 3.11. A space X is stratifiable and submaximal if and only if it is the free 
topological sum of a family ST of spaces such that each YE 9 has at most one 
nonisola ted point . 
Proof. Sufficiency is obvious. Let us prove necessity. By Theorem 3.1, X is an 
I-space. On the other hand, X is paracompact, since it is stratifiable. Therefore, X 
is collectionwise normal, and the set of all nonisolated points of X can be covered 
by a discrete family y of open subsets of X such that each member of y has no 
more than one nonisolated (in X) point. It remains to add to the family the set of 
all points of X not covered by y. 0 
4. Submaximal spaces and connectedness conditions 
The next basic question remains open: 
Problem 4.1. Is there an infinite connected submaximal space? 
Hewitt [141 answered this question positively in the class of all Ti-spaces, and 
asked the question for Hausdorff spaces. Padmavally [24] answered it positively in 
the class of Hausdorff spaces. Further results were obtained in [13] and [12] (see 
also the survey paper [71). Nevertheless, no solution to Problem 4.1 is known to the 
authors, neither in the class of regular spaces, nor in the class of normal spaces. It 
is not even known in the class of paracompact spaces! Below, we present some 
results relevant to Problem 4.1, the most important of them being Theorems 4.5 
and 4.11. In particular, we show that every infinite Tychonoff submaximal space of 
weight G 2” is totally disconnected (see Theorem 4.11). This implies that every 
separable Tychonoff submaximal space is totahy disconnected. 
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A space X is zero-dimensional if it has a base consisting of sets that are both 
open and closed. The next fact is well known (see [ll]): 
Proposition 4.2. If the cardinality of a Tychonoff space Y is strictly less than 2”, then 
Y is zero-dimensional. 
The next assertion is an obvious corollary of Proposition 4.2: 
Proposition 4.3. If X is an infinite Tychonoff space and there is a nonempty open 
subspace Y of X such that the cardinality of Y is strictly less than 2”, then X is 
disconnected. 
For a nondiscrete topological space X, let us denote by m(X) the smallest 
cardinal number r such that there is a nonclosed subset of X of cardinality T. 
Observe that by replacing “nonclosed” with “nondiscrete” we obtain the same 
deduction. 
Proposition 4.4. Zf X is a nondiscrete Tychonoff submaximal space such that 
m(X) < 2”, then X is disconnected. 
Proof. Let A be a nonclosed subset of cardinality smaller than 2”. Then, by 
Theorem 1.2, the interior of A is not empty, and it only remains to refer to 
Proposition 4.3. 0 
Theorem 4.5. Let X be an infinite connected Tychonoff submaximal space. Then: 
(a) every subset A of cardinal@ < 2” is closed and discrete in X; 
(b) the density of X is not less than 2”; 
(c) the tightness of X is not less than 2”. 
Proof. This follows from Proposition 4.4, since m(X) =G t(X) and m(X) <d(X). 
0 
Observe that Theorem 4.5 implies that every separable Tychonoff submaximal 
space is disconnected. This may be slightly improved: 
Theorem 4.6. Every infinite regular separable submaximal space X is disconnected. 
Proof. Let A be a countable dense subspace of X. If X is connected, then A is 
dense-in-itself and, therefore, nondiscrete. Therefore, the interior of A is not 
empty; hence, X contains a nonempty countable open subset U. Then, U is 
zero-dimensional and X is disconnected. 0 
The same argument proves the next general result: 
Theorem 4.7. Zf X is a nondiscrete regular submaximal space such that m(X) = w, 
then X is disconnected. 
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Corollary 4.8. If X is an infinite regular submaximal space of countable tightness, 
then X is totally disconnected. 
Proof. Let Y be any subspace of X. Then m(Y) G t(Y) < t(X) < 0, and it remains 
to apply Theorem 4.7. 0 
The next simple fact is essentially known (see [12]). Since we have to refer to it, 
we prove it for the sake of completeness. 
Proposition 4.9. Let Y be a subspace of a submaximal space X, and let U be the 
interior of the set Yin X. Then the set Z of all points of Y, which are not isolated in 
the space Y, is contained in the closure of U in X. Moreover, Y is the union of an 
open subset of X and a closed discrete subspace of X. 
Proof. The interior of the set P = Y\ 0 in X is empty. It follows from Theorem 
1.2(d) and (c), that P is discrete and closed in X. On the other hand, P is open in 
Y. Therefore all points of P are isolated in Y. Taking into account (e) and (f) of 
Theorem 1.2, we arrive at the second conclusion of Proposition 4.8. q 
An important particular case of Proposition 4.9 is the following: 
Proposition 4.10. Every connected subspace of a submaximal space X is contained in 
the closure of its interior. 
We are in a position quickly to prove one of our principal results, 
Theorem 4.11. Every infinite submaximal Tychonoff space X with r-weight G 2” is 
totally disconnected. 
Proof. From Proposition 4.10 it is obvious that the r-weight of every connected 
subspace of X does not exceed the r-weight of X. Therefore, it is enough to show 
that the space X is itself disconnected. 
By Proposition 4.3 and Theorem 4.7, we have to consider only the case when the 
density of every nonempty open subset of X is not less than 2”. 
Fix a x-base {U,: (Y < 2”). Taking into account the above mentioned property, 
we can easily choose, for each (Y < 2”, x, f y,, both in U,, such that, whenever 
/3 <(Y, card({x,, y,, xa, y,}) = 4. Put A = ix,: (Y < 2”), B = (y,: (Y < 2”). Then A 
and B are both dense in X, and B is contained in the complement of A in X. It 
follows that A and X\A are open in X. They are clearly disjoint and nonempty - 
a contradiction, as they are dense. Therefore, X is disconnected. q 
Corollary 4.12. Every separable submaximal Tychonoff space is totally disconnected. 
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Proof. The weight of any separable regular space does not exceed 2”. It remains to 
apply Theorem 4.11. 0 
To Theorem 4.5 we now add another necessary condition for connectedness. 
Theorem 4.13. Every normal connected submaximal space X is Baire. 
Since each submaximal space is nodec, this result follows from the next two 
elementary facts. 
Proposition 4.14. Every nodec space X for which no nonempty open subset is strongly 
u-discrete is a Baire space. 
Proof. Obviously, nodec spaces of the first category are strongly a-discrete. 0 
Proposition 4.15. Every normal connected nodec space X is Baire. 
Proof. By Proposition 4.14, it suffices to show that if U is a nonempty open subset 
of X, then the space F which is the closure of U in X, is not strongly a-discrete. 
But this is obvious, since otherwise the space F, being normal, would have been 
zero-dimensional, and because of that the space X would have been disconnected. 
0 
5. Submaximality and compactness-type conditions 
We show that the most classical compactness-type conditions, such as the 
Lindeliif property, countable compactness, and their generalisations, like count- 
able extent, influence very strongly the structure of submaximal spaces, making 
them, in particular, very disconnected. For example, we prove that, if X is a 
submaximal space and Y is a Lindelof subspace of X such that all points of Y are 
nonisolated in X, then Y is countable (Corollary 5.8). This slightly improves 
Theorem 6 from [12], in which the space X was assumed to be dense-in-itself (see 
also a similar earlier result in [IS]). Though based on the same idea, we provide 
here a simpler proof of a more general assertion (Theorem 5.1). The case of 
pseudocompact spaces is treated separately, in Section 6. 
First, we recall a definition (see [2,15]). Let Y be a subspace of a space X. We 
say that the superextent of Y in X is T (notation: Ve(Y, X) = T), where r is an 
infinite cardinal number, if the cardinality of every closed and discrete subspace of 
X contained in Y is strictly less than 7, and r is the smallest infinite cardinal 
number with this property. If we replace in this definition “strictly less than” with 
“less than or equal to”, we obtain the definition of the extent of Y in X, denoted by 
e(Y, X). Clearly, Ve(Y, X) is either equal to e(Y, X) or is the smallest cardinal 
number greater than e(Y, X). 
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Theorem 5.1. Let X be a submaximal space and let Y be a subspace of X such that all 
points of Y are nonisolated in X. Then the cardinality of Y is strictly less than the 
superextent of Y in X. (In fact, under these circumstances, Ve’e(Y, X) is the first 
infinite cardinal number greater than the cardinality of Y.) 
Theorem 5.1 follows from the next three results, the last of which being just a 
reformulation of Theorem 5.1. 
Lemma 5.2. Let X be a submaximal space, and let Y be a discrete subspace of X such 
that all points of Y are nonisolated in X. Then Y is closed in X. 
Proof. The interior of Y in X is empty, since each point of the interior would have 
been isolated in X. Therefore, by Theorem 1.2(c), Y is closed in X. q 
Proposition 5.3. For any infinite subset Y of a submaximal space X, there is a 
discrete subspace Z of X contained in Y such that the cardinal& of Z is equal to the 
cardinality of Y. 
Proof. Let r be the cardinality of Y. There is a disjoint family y of subsets of Y 
such that the cardinality of y is r and the cardinality of each member of y is also 
T. If at least one of the members of y is a discrete subspace of X, we are done. It 
remains to consider the case when each member of y is a nondiscrete subspace of 
X. Then, by Theorem 1.2(d), the interior A o is nonempty, for each A E y. Fixing a 
point xA in A ‘, for each A E y, we obtain a discrete subspace Z of X with the 
desired properties. q 
Combining together Lemma 5.2 and Proposition 5.3, we arrive at the next 
version of Proposition 5.3, from which Theorem 5.1 immediately follows. 
Proposition 5.4. Let Y be an infinite subset of a submaximal space X such that all 
points of Y are nonisolated in X. Then there is a closed discrete subspace of X 
contained in Y of the same cardinality as Y. 
Recall that a subspace Y of a space X is said to be Lindeliif in X, if from each 
open covering of X one can choose a countable subfamily such that Y is contained 
in its union (see 141). A subspace Y of a space X is called countably compact in X, 
if every infinite subset of Y has a limit point in X. It is clear that Y is countably 
compact in X if and only if the superextent of Y in X is o. Obviously, if Y is 
Lindelof in X, then the superextent of Y in X is not greater than oi and 
e(Y, X) = o. Let us say that Y is pseudo-Lindeliif in X if every uncountable subset 
of Y has a limit point in X. Obviously, this happens if and only if the extent of Y 
in X is not greater than w. A space X is called pseudo-Lindeliif if it is 
pseudo-Lindeldf in itself. 
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Corollary 5.5. If Y is a subspace of a submaximal space Xsuch that Y is pseudo-lin- 
deliif in X and all points of Y are nonisolated in X, then Y is countable. 
Theorem 5.6. Let X be a pseudo-Lindeliif submaximal space. Then: 
(a) the set Y of all nonisolated points of X is countable; and 
(b) for each neighbourhood U of Y in X, the set X\ U is countable. 
Proof. To prove (a), we observe that Y is obviously pseudo-Lindel8f in X; from 
Corollary 5.5 it follows now that Y is countable. 
To prove (b), let us assume that U is an open neighbourhood of Y such that the 
set A =X\U is uncountable. Then, there is a limit point x of A in X; this point 
x must be in Y and in X\U. We have arrived at a contradiction. 0 
Theorem 5.7. Every pseudo-LindelGf submaximal space X is Lindeliif. 
Proof. by Theorem 5.6(a), the set Y of all nonisolated points of X is countable. 
Take any open covering y of X. Since Y is countable, there is a countable 
subfamily 5 of y, such that Y is contained in U = IJ 5. Clearly, U is a neighbour- 
hood of Y in X. Therefore, at most countably many points of X are not covered 
by 6. The rest is obvious. Cl 
Theorems 5.6 and 5.7 can be extended to higher cardinals in a straightforward 
manner. 
Corollary 5.8. Let X be a submaximal space and Y a subspace of X contained in the 
set of all nonisolated points of X. Then, if Y is Lindeltif, Y is countable. 
Corollary 5.9. Not every submaximal space can be embedded in a submaximal space 
without isolated points or even in the subspace of all nonisolated points of 
submaximal space. 
a 
Compare this conclusion with the result in [5], mentioned in the title of [5]. 
Corollary 5.10. Zf X is a Lindeliif submaximal space, then the set of all nonisolated 
points of X is countable, X is the union of two closed subspaces, one of which is an 
I-space and the other is countable, and X is strongly a-discrete and zero-dimensional. 
Proof. We apply Theorem 2.2 to derive the second conclusion. Since X is obviously 
strongly v-discrete and normal, X is zero-dimensional (even in the sense of dim). 
0 
Corollary 5.11. If X is a LindelGf submaximal space, then either X is countable, or 
the cardinal& of X is the same as the cardinal& of the set of all isolated points of X. 
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Corllary 5.12. If Y is a subspace of a submaximal space X such that all points of Y 
are nonisolated in X, and Y is countably compact in X, then Y is finite. 
Corollary 5.13. Every countably compact submaximal space X is compact, and the 
set of all nonisolated points of X is finite. 
Proof. The second half follows from Corollary 5.12. To prove the first, one only has 
to refer to Theorem 5.7. 0 
Corollary 5.14. The spread of a submaximal space X is countable (that is, every 
discrete subspace of X is countable) if and only if X is countable. 
Corollary 5.15. Every hereditarily Lindeliif submaximal space is countable. 
Example 5.16. Theorems 5.1 and 5.7, Corollaries 5.8, 5.10, 5.11, 5.14 and 5.15 
cannot be proved in ZFC for nodec spaces. Indeed, if there is a Sierpinski set on 
the real line R, then, taken with the topology generated by the density topology of 
R (see [30]), this set is a hereditarily Lindelof uncountable nodec space. It is easy 
to arrange for this space to be dense-in-itself. 
On the other hand, we can in this way improve Corollaries 5.12 and 5.13, if we 
restrict ourselves to the class of Hausdorff spaces (see the next section). 
6. Countably compact nodec spaces and nearly k-spaces 
We describe here the structure of countably compact Hausdorff nodec spaces 
(Theorem 6.2). It is also clarified when a k-space is nodec. Of course, all our 
results have obvious corollaries for submaximal spaces; we omit their formulations. 
We also extend Corollaries 5.12 and 5.13 to Hausdorff nodec spaces, generalising a 
result from [183 to nodec spaces. 
Proposition 6.1. Zf X is a nodec space, and A is a Hausdorff subspace of X such that 
A is countably compact in X and all points of A are nonisolated in X, then A is finite. 
Proof. We assume that A is infinite. Let B be the set of all points of the space A, 
which are isolated in A. Then B is a discrete subspace of X and, since all points 
of B are nonisolated in X, B is nowhere dense in X. Since X is nodec, it follows 
that B is closed in X. On the other hand, B is contained in A and A is countably 
compact in X. It follows that B is finite. Therefore C = A\B is an infinite 
dense-in-itself subspace of X. Since X is Hausdorff, there is an infinite discrete 
subspace D of C. To see this, we construct by induction a decreasing family {U,: 
n E o) of open sets in X such that W, = U, \ u,+ 1 is not empty, for each n E o. 
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We also fix points x, E W,, for each n E w. Then D = {x,: n E 01 is an infinite 
discrete subspace of C. Again, all points of D are nonisolated in X, which implies 
that D is nowhere dense in X. Since X is nodec, D is closed in X. On the other 
hand, D is not closed in X, since D is contained in A and A is countably compact 
in X. This contradiction completes the proof. 0 
Theorem 6.2. Every countably compact Hausdorff nodec space X is the free topologi- 
cal sum of finitely many Alexandroff compactifications of discrete spaces (and, 
hence, X is compact and Frechet-Urysohn). 
Proof. Obviously, the set Y of all nonisolated points of X is countably compact in 
X, and, by Proposition 6.1, Y is finite. Separate the points of Y by a finite pairwise 
disjoint family of open neighbourhoods. There can be only a finite number of 
points outside the union of these neighbourhoods. Using the fact that a countably 
compact space with just one nonisolated point is the Alexandroff compactification 
of a discrete space, the result follows. 0 
Theorem 6.2 might be compared to Theorem 2.11(c) and Lemma 2.10 in [26] - 
neither of these results implies the other one, but they are of a similar nature. 
Corollary 6.3. Every countably compact subspace of a Hausdorff nodec dense-in- 
itself space is finite. 
Definition 6.4. A space X is a j-space if every infinite closed dense-in-itself 
subspace contains an infinite subset which is countably compact in X. 
Definition 6.5. A space X is a nearly k-space if every nonclosed subset A contains 
a subset B which is countably compact in X and not closed in X. 
Proposition 6.6. Every nearly k-space X is a j-space. 
Proof. Let Y be an infinite, closed, dense-in-itself subspace of X. Fix a point y E Y 
and put A = Y\ { y). Then, A is not closed in X and, since X is a nearly k-space, 
there is an infinite subset B of A which is countably compact in X. Thus, X is a 
j-space. 0 
Proposition 6.7. A Hausdorff nodec space X is a j-space if and only if it is scattered. 
Proof. This follows from Proposition 6.1. 0 
Combining Proposition 6.7 and Theorem 3.4, we conclude: 
Theorem 6.8. Every Hausdorff nearly k-space which is nodec is an Z-space. 
A. K Arhangel’skic P.J. Collins / Topology and its Applications 64 (1995) 219-241 235 
Since every k-space is obviously also a nearly k-space, we have the next result: 
Corollary 6.9. Zf a Hausdorff k-space is nodec, then it is a Frechet-Urysohn Z-space. 
The next three results we include for the sake of completeness; the first of them 
follows easily from well-known standard results on locally compact spaces, com- 
bined with Corollary 6.9. 
Theorem 6.10. A locally compact Hausdorff space is submaximal if and only if every 
subset is locally compact. In this case it is an Z-space. 
Observe that in the course of the proof of Proposition 6.1 we have also 
established the following fact: 
Proposition 6.11. In every infinite Hausdorff space one can find an infinite discrete 
subspace. 
Proposition 6.12. Every Hausdorff j-space X is discretely flavoured. 
Proof. Take any infinite closed dense-in-itself subspace Y of X. There is an infinite 
subspace P of Y, which is countably compact in X. By Proposition 6.11, there is an 
infinite discrete subspace A of P. Since P is countably compact in X, A is not 
closed in X. 0 
7. Nodec spaces, countable Souslin number and pseudocompactness 
The principal result in this section is Theorem 7.8, which implies that pseudo- 
compact Tychonoff nodec spaces are scattered. Two results here, establishing 
some special properties of nodec spaces with countable Souslin number, are 
instrumental in the last section, which is devoted to properties of submaximal 
topological groups. We again omit the obvious reformulations of our nodec results 
for submaximal spaces. 
Theorem 7.1. Zf X is a Hausdorff nodec space with countable Souslin number, then 
i)(X) Q w, that is, each point x E X is a G,. 
Proof. Fix x EX, and let y be the family of all open sets U such that the closure of 
U does not contain x. There is a maximal disjoint subfamily 5 of y. Then ( is 
countable and W = U .zJ is a dense open set. Therefore H = X\ W is a nowhere 
dense subset of X. Since X is nodec, it follows that H is a closed discrete 
subspace of X. Then V = X\ (H \ { x)) is an open set and, clearly, (x) = V n ( n {X 
\ 0: U E [}> is a G,-set in X. 0 
If X is a regular nodec space, then the same argument with a point replaced by 
a closed set gives us the next result: 
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Theorem 7.2. If X is a regular nodec space with countable Souslin number, then X is 
perfect, that is, each closed set is a G, in X. 
Following tradition (see [26]), we call a space X feebly compact if every locally 
finite family of nonempty open subsets of X is finite. It is well known that a 
regular space is feebly compact if and only if it is DFCC (every discrete collection 
of nonempty open sets is finite), and that a Tychonoff space is feebly compact if 
and only if it is pseudocompact (every continuous real-valued function on it is 
bounded). 
We have a pleasing corollary of Theorem 7.2 for submaximal spaces. Recall that 
a Q-set space is a space in which every subset is a G,-set. All strongly u-discrete 
spaces are, obviously, Q-set spaces. 
Theorem 7.3. Every regular submaximal space X with countable Souslin number is a 
Q-set space. 
Proof. For any subset A, we have A = F n U where U is open and F is closed. 
Since X, being submaximal, is nodec, we can apply Theorem 7.2. Therefore, F is a 
G,andA=FnUisalsoaG,. q 
This result motivates the following question: 
Problem 7.4. Is every regular submaximal space with countable Souslin number 
strongly a-discrete? 
Note the next direct corollary of Theorem 7.2: 
Corollary 7.5. A regular submaximal space with countable Souslin number is 
u-discrete if and only if it is strongly u-discrete. 
See also the discussion at the end of Section 1. 
Theorem 7.6. Suppose that X is a Hausdorff nodec space with countable Souslin 
number, and that Y is a regular feebly compact subspace of X. Then Y is an I-space 
and, further, the set of all isolated points of the space Y is countable, countably 
compact in X and dense in X (in particular, Y is separable, submaximal and 
scattered). 
Proof. By Theorem 7.1, I,+(X) < o. Since Y is regular and feebly compact, it 
follows that Y is first countable. Therefore, if Z is an infinite dense-in-itself 
subspace of Y, then Z contains a nontrivial convergent sequence, contradicting Y 
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being nodec. It follows that Y is scattered, which implies that the set A of all 
isolated points of Y is dense in Y. The set A is countable, since the Souslin 
number of X is countable. Therefore, Y is separable. Since Y is feebly compact, A 
is countably compact in Y. It remains to refer to Corollary 1.8, which states that 
every scattered nodec space is an Z-space and, hence, a submaximal space. q 
Theorem 7.7. Zf X is a regular feebly compact dense-in-itself nodec space, then X is 
empty. 
Proof. Let us assume that X is not empty. Then X is infinite, and there is a 
countable infinite family y of nonempty open sets, such that the closures of 
different members of y are pairwise disjoint. Since X is feebly compact, there is a 
point x EX, at which the family y is not locally finite. There is at most one 
member of y to which x belongs. We can always throw away this member from y. 
Thus, we may assume that n is not in the closure of U, for each U E y. Put 
G = U y and F = ??. Since F is the closure of an open set, the space F is feebly 
compact. Obviously, it is also dense-in-itself. Since X is nodec, the boundary 
subspace D = F\G is closed and discrete. Observe, that D is not empty, since 
x E D. Put H = D \{x} and V = X\H. Then H is closed in X and V is an open 
neighbourhood of x. Clearly, {x) = n (F\ 0: U E y} n V is a G,-set in F. There- 
fore, the pseudocharacter of the space F at the point x is countable. Since F is 
feebly compact and regular, it follows that F is first countable at the point x (see 
[11,26]). Taking into account that x is not isolated in F, we conclude that there is a 
sequence in G, converging to x. Thus, we have found a discrete nonclosed 
subspace of F, which is obviously nowhere dense in X. This contradicts our 
assumption that X is nodec. 0 
Theorem 7.8. Every regular feebly compact nodec space X is an I-space (and, hence, 
is sea ttered 1. 
Proof. Let A be the set of all isolated points of X and let Z =A. Since 2 is a 
nodec space with a dense set of isolated points, Z is an I-space, by Theorem 1.6. 
The set U =X\Z is open. Therefore, the closure of U in X is a dense-in-itself 
feebly compact nodec space. It follows from Theorem 7.7 that U is empty. Thus, 
X = 2 is an Z-space. 17 
Corollary 7.9. Every Tychonoff pseudocompact submaximal space is scattered. 
A Hausdorff (even, Urysohn) feebly compact submaximal space X without 
isolated points is constructed in [26]. 
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8. The case of topological groups 
We expose here a body of results relevant to the following question: what can 
we say about a topological group if its underlying space is submaximal (such 
topological groups will be called submaximal)? First, let us observe that it is 
impossible to prove in ZFC that all submaximal topological groups are discrete: 
Malychin in [20] constructed a consistent example of a countable nondiscrete 
Tychonoff maximal (hence, submaximal) topological group. Very interesting results 
closely related to Malychin’s result and construction were obtained in [lo]. Never- 
theless, the next questions remain open: 
Problem 8.1. Is there in ZFC a nondiscrete submaximal topological group? a 
nondiscrete nodec topological group? 
Observe, that the free topological group F(X) of a nondiscrete Tychonoff 
topological space X cannot be nodec, since X is, in this case, a nowhere dense 
nondiscrete subspace of F;(X). 
Theorem 8.2. Every subgroup H of a submaximal topological group G is closed. 
Proof. Let Y be the closure of H in G. Since G is submaximal, H is open in Y. 
Since Y is a topological group and H is an open subgroup of it, the set H is closed 
in Y. Therefore, H is closed in G as well. 0 
Corollary 8.3. Every dense subset A of a submaximal topological group G is a set of 
algebraic generators of G. 
Proof. The smallest subgroup H (in the algebraic sense) of the group G, containing 
A, is dense in G. By Theorem 8.2, H is closed in G. Therefore, H = G. [7 
From Corollary 8.3 and elementary facts about cardinal numbers, we immedi- 
ately get the next result: 
Theorem 8.4. The density of a submaximal topological group G is equal to the 
cardinal& of G: d(G) = card(G). 
Corollary 8.5. Every separable submaximal topological group is countable. 
Note that the Mrowka-Isbell space [23] shows that Corollary 8.5 is not necessar- 
ily true if G is just a Tychonoff space. 
Problem 8.6, Is there a dense-in-itself uncountable separable Hausdorff (Tychonoff) 
submaximal space? 
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The cardinal invariant m(G), introduced in Section 4, seems to fit best into the 
study of topological groups. Indeed, we have: 
Theorem 8.7. The cardinal&y of any submaximal topological group G is not greater 
than c(G) + m(G). 
Proof. Let T = m(G). Obviously there is a nondiscrete subgroup H of G of 
cardinality T. Therefore, there is a covering y of G by a disjoint family of 
subspaces homeomorphic to H. Then each member of y is a nondiscrete subspace 
of G and has a nonempty interior, by Theorem 1.2(d). It follows that the 
cardinality of y does not exceed c(G). Since the cardinality of each member of y 
is m(G), the conclusion follows. 0 
Observe that the next result is an easy corollary of Theorem 7.8. 
Theorem 8.8. Every pseudocompact nodec topological group is finite. 
Recall that each pseudocompact opological group is totally bounded. 
Theorem 8.9. Every totally bounded submaximal topological group G is countable. 
Proof. Take any infinite countable subgroup H of G. Then H is also totally 
bounded which implies that the subspace H is not discrete. Therefore m(G) = o. 
Since the Souslin number of every totally bounded topological group is countable 
(see [9]>, it follows from Theorem 8.7 that G is countable. 0 
Clearly, each of Theorems 8.8 and 8.9 implies the next result: 
Corollary 8.10. Every pseudocompact submaximal topological group is finite. 
Theorem 8.11. Every nondiscrete subgroup H of a submaximal topological group G is 
open (and closed) in G. 
Proof. By Theorem 1.2(d), H contains a nonempty open subset. Since H is a 
subgroup of G, it follows that H is open. q 
Corollary 8.12. If G is a submaximal topological group and G is connected, then 
each nondiscrete subset A of G generates G algebraically. 
Corollary 8.13. If G is a submaximal topological group and m(G) is strictly less than 
the cardinal@ of G, then G is disconnected. 
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Recall that a space is said to be submetrisable if there is a weaker metrisable 
topology on it. 
Theorem 8.14. If G is a submaximal topological group, then, either all points are 
G,‘s in G and consequently the space G is submetrisable, or all Gg’s are open in G 
(that is, G is a P-space) and consequently the space G is zero-dimensional. 
Proof. By a standard construction (see [29,2]), for each countable family y of 
neighbourhoods of the neutral element e of the group G, there is a closed 
subgroup H of G, contained in the intersection of y, which is a G,-subset of the 
space G. If the subspace H is discrete, we add the open set G\ (H\(e)) to the 
family y which provides us with a countable family of open sets, the intersection of 
which is {e}. Thus, if the pseudocharacter of the space G is uncountable, then H is 
not discrete, and, by Theorem 8.11, H is open in G, which shows that G is a 
P-space. 0 
Corollary 8.15. The underlying space of every connected submaximal topological 
group G is submetrisable. 
Proof. If G is infinite, then, being connected, G cannot be a P-space, since all 
P-spaces are zero-dimensional. Therefore, singleton subsets are G,‘s in G, which 
implies that the space G is submetrisable (see [2,3]). q 
Corollary 8.16. Zf the Souslin number of a nodec topological group G is countable, 
then the cardinal@ of G is not greater than 2”. 
Proof. By Theorem 7.2, the singletons in the space G are G,‘s. Since G is a 
topological group, this implies that the space G is submetrisable (see [2,31). Thus, 
there is a continuous one-to-one mapping of G onto a metrisable space Y. Then, 
the Souslin number of Y is countable, which implies that the cardinal&y of Y does 
not exceed 2”. It follows that the cardinality of G is also not greater than 2”. 0 
Corollary 8.17. If the Souslin number of a nodec topological group G is countable, 
then every pseudocompact subspace P of G is finite. 
Proof. In the proof of Corollary 8.16, it was shown that there is a one-to-one 
continuous mapping f of G onto a metrisable space X. Then, the restriction of f 
to P is a homeomorphism of P onto a subspace of X (see [ll]). Therefore, P is 
compact. Then, by Corollary 6.3, either P is finite or G must be discrete. But, in 
the last case, P is also finite. 0 
Problem 8.18. Is there an infinite connected submaximal topological group? 
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